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Bell-state measurement and quantum teleportation using linear optics: two-photon 
pairs, entangled coherent states, and hybrid entanglement 
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We review and compare Bell-state measurement and quantum teleportation schemes using linear 
optics with three different types of resources, i.e., two-photon pairs, entangled coherent states and 
hybrid entangled states. Remarkably, perfect teleportation with linear optics is possible in principle 
based on a hybrid approach that combines two-photon pairs and entangled coherent states. It turns 
out that hybrid approach allows to perform Bell-state measurement and local Pauli operations in a 
deterministic way, while it requires photon number resolving measurements. 

PACS numbers: 03.67.Lx, 42.50.-p 



I. INTRODUCTION 

Quantum teleportation [lj, a task of transferring an 
unknown qubit between separated parties, is at the heart 
of various applications of quantum information process- 
ing. It particularly plays a crucial role in implementa- 
tions of scalable optical quantum computation, as it en- 
ables one to perform sophisticated gate operations using 
the gate teleportation protocol [2]. The key element of 
the teleportation process is the Bell- state measurement, 
which discriminates between four two-mode entangled 
states known as Bell states 



|$ ± > = -^=(|0>|0)±|1)|1» 
|* ± ) = -^=(|0>|1)±|1>|0)). 



(1) 



Another key element is to perform feed-forward trans- 
forms, X and Z, on the output qubit to complete the 
whole teleportation process. Quantum teleportation has 
been experimentally demonstrated using optical systems 
J3|, and developed with various approaches. 

A well known approach to optical quantum telepor- 
tation J3[ employs single photon qubit s, typically, with 
its polarization basis {\H), \V}}, [J-[6J. Alternatively, 
the vacuum and single photon, |0) and |1), may be used 
0. In this type of approach, a two-photon pair, which 
can be generated using parametric down conversion, is 
required as the quantum channel. However, a determin- 
istic Bell-state measurement cannot be performed using 
linear optics and photon detection: In fact, when single 
photon qubits are used, only two of the four Bell states 
can be identified and thus the success probability can- 
not exceed 50% [8, 9]. In order to increase the success 
probability of a Bell measurement, a heavy increase of 
resources are required [J-[6|, LLOj . 



Another approach using entangled coherent states has 
been studied with its remarkable merit [ll], LL2j . This ap- 
proach employs two coherent states, \a) and | — a) with 
amplitudes ±a as a qubit basis. Van Enk and Hirota 
found that an entangled coherent state can be used as a 
quantum channel to teleport a coherent-state qubit \U\ . 
Jeong et al. showed that a nearly deterministic Bell state 
measurement can be realized for teleportation using an 
entangled coherent state as the quantum channel [12, LL3j . 
It requires parity measurements to discriminate between 
the four Bell states, and its failure occurs when no pho- 
ton is detected in both the detectors due to the nonzero 
overlap of (0| ± y/2a) = e~ a . Quantum computation 
schemes using coherent-state qubits have also been ex- 
plored along this line [14l-ll6|. A critical problem in this 
approach is that one cannot easily perform the local uni- 
tary transforms required to finish the teleportation pro- 
cess. Due to non-orthogonality of two coherent states, 
\a) and | — a), the Z operation cannot be performed in 
a deterministic way. The teleportation between sing le 
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photon and coherent state qubits was also studied 

Recently, a new method that combines advantages of 
the two aforementioned approaches was proposed |18j . 
It enables one to efficiently perform a near-deterministic 
quantum teleportation using hybrid entanglement. In 
this scheme, the ort ho normal basis to define optical hy- 
brid qubits is {\0 L } = |+)|a), |U) = |-)| - a)} where 
|±) = (\H) ± \V))/y/2. As the quantum channel, hy- 
brid entanglement in the form of |+)|a)|+)|a) + | — )| — 
a)| — )| — a) is required to implement this type of tele- 
portation protocol. The Bell-state measurement in this 
context can be performed using two parallel Bell-state 
measurements, one for the polarization qubit part and 
the other for the coherent-state part, in a nearly deter- 
ministic way. Feed- forward logical unitary transforms, X 
and Z, can be easily performed using both parts of the 
hybrid qubit to complete the whole teleportation process. 

In this article, we review and compare linear optical 
quantum teleportation schemes with three different types 
of resources, i.e., two-photon pairs, entangled coherent 
states and hybrid entangled states. It is shown that a 



nearly perfect teleportation can be implemented based on 
a hybrid approach, while other approaches have a weak 
point either in Bell-state measurement or feed-forward 
Pauli operations, both of which are essential tasks in 
quantum teleportation process. While an efficient gen- 
eration of hybrid entanglement and a photon number 
resolving detection are still demanding, it may be chal- 
lengeable in near future to experimentally demonstrate 
a nearly perfect teleportation using linear optics and hy- 
brid entangled states along with current progress of op- 
tical quantum technologies. 



II. OPTICAL BELL MEASUREMENTS AND 
QUANTUM TELEPORTATION 




(b) g PNPD 




FIG. 1: Bell-state measurement schemes for (a) single pho- 
ton polarization qubit using polarizing Beam splitters (PBSs), 
wave plates, and on/off photo detectors, and for (b) coherent 
state qubits using beam splitter (BS) and photon number par- 
ity detectors (PNPDs). 



A. Two photon pair 

Single photon is a primary candidate for optical quan- 
tum teleportation, which conveys information in its po- 
larization degree of freedom {\H), \V)} Q (or the vac- 
uum and single photon basis, |0) and |1), p}). In the 
teleportation protocol, the sender (say Alice) and re- 
ceiver (say Bob) are assumed to share a maximally en- 
tangled state, here chosen to be a two-photon pair e.g. 
\H)\H) + | V) | V), which can be generated using para- 
metric down conversion. Then, Alice performs Bell-state 
measurement between input qubit and one party of the 
channel state with her, aiming to discriminate four Bell 
states, 



\®±) = ±={\H)\H)±\V)\V)) 



|* d 



1 



(2) 



-j=(\H)\V)±\V)\H)). 



According to the measurement results, Bob applies Pauli 
operations, X or Z, on his party of the channel to com- 
plete the teleportation process and retrieve the input 
state. Note that X and Z can be implemented deter- 
ministically in this approach, by polarization rotator and 
phase shift operation, respectively, whereas the success 
probability of Bell measurement cannot exceed 50% as 
we shall see below. 

In Fig.[TJa), a Bell measurement scheme for single pho- 
ton qubits (Bp) is described by employing linear optic 
elements such as polarizing beam splitter (PBS), wave 
plates and photon detection. It has been known that 
this scheme allows to discriminate only two of the four 
Bell states H,©|. Suppose that |^ + ) or |\J/ - ) state enters 
into Bp, at the first PBS two photons are separated into 
different modes resulting in one click from the upper two 
detectors and another from lower two. From all possible 
events of separated clicks, the two Bell basis |^ + ) and 
|^~) can be deterministically identified: 



(H,H)or(V,V): |*") 
(H,V)or(V,H): |*+). 



On the other hand, for the state |<1> + ) or |$~) two pho- 
tons proceed together via the first PBS either way to up- 
per or lower two detectors. As all possible results of clicks 
at the detectors from |^> + ) can be also yielded from |^ _ ), 
it is impossible to discriminate these two states. There- 
fore, the overall success probability of Bell measurement 
(thus the success probability of quantum teleportation) 
is 50%. Note that two identified Bell states out of four 
can be chosen by putting or removing appropriate wave 
plates at the input modes of the first PBS. For exam- 
ple, if we remove the 90° wave plate in Fig. DJa), |$ + ) 
and |$ _ ) states can be discriminated instead of |\I/ _ ) and 

In order to increase the success probability of quantum 
teleportation with single photon qubits, various methods 
have been developed, but they also encounter detrimen- 
tal factors in a practical point of view. For example, a 
scheme of high-success teleporter requires a large number 
of modes prepared in single photon states [4] . A scheme 
proposed by Grice [10j can increase the success rate up 
to 1 — 1/2N by using 2^ — 2 number of ancillary photons 
and photon number resolving detection. Recently, Zaidi 
et al. [19| suggested a method to improve the success 
probability up to 64.3 % in dual-rail and to 62.5 % in sin- 
gle rail approach in terms of inline squeezing operations 
accompanied by photon number resolving detectors. 



B. Entangled coherent state 

Another well known approach employs coherent state 
qubits [20[, which have two coherent states, \a) and | —a) 
with amplitudes ±a as a qubit basis. It was pointed 
out that nearly perfect Bell-state measurement can be 
performed using this approach [12|, LL3j- As illustrated 
in Fig. QJb), the four Bell states of entangled coherent 
states, 



(3) 



\<S> ± )=N ± (\a)\a)±\-a)\-a)) 
\^ ± )=Af ± (\a)\-a)±\-a)\a)), 



(4) 



with the normalization factor J\f± = (2 ± 2e~ 4 l a l 2 )- 1 / 2 , 
can be identified using a 50:50 beam splitter (BS) and 
two photon number parity detectors (PNPDs) [12, LL3j . 
The Bell states after passing through the BS become 



a)\a) ± | — a)\ — a) 
a) ± I — a) la) 



a 



^> (|V2a>±|-v^a»|0>, 
^> |0>(|v^a>±|-V2a>), 



where |even) = N+(\y/2a) + | - >/2a)) and |odd) = 
J\f~ (\\^2a) — | — y/2a)) contain only even and odd num- 
ber of photons, respectively. Therefore, from the results 
of two PNPDs, four Bell states can be discriminated: 



(even,0): |$ + ), (0,even): |^ + ) 
(odd,0): |$"), (0,odd): |*"), 



(5) 



where (even,0) indicates the detection of even number of 
photons at upper PNPD and no clicks at lower PNPD, 
and likewise for others. Due to the nonzero overlap of 
(0| ± y/2a) = e~ a , the even number state |even) possi- 
bly yields the case when no photon is detected in both 
detectors, which is counted as a failure of Bell measure- 
ment. As the amplitude a gets large, the failure rate of 
Bell measurement dramatically decreases. 

However, this approach has a critical problem in feed- 
forward transforms, particularly with Pauli Z operation, 
which are required to finish the teleportation process at 
Bob's party. This difficulty in implementing Z operation 
is due to non-orthogonality of two coherent basis \a) and 
| —a), and may necessitate large cost of resources or heavy 
scheme complexity by repetition of gate teleportation [l5|, 



C. Hybrid entanglement 

A hybrid approach has recently proposed by combining 
the two well known approaches, single photon and coher- 
ent state qubits [l8|. In this approach, the orthonormal 
basis to define optical hybrid qubits is 

{|0 L ) = |+)|a), |l L ) = |->|-a», 

where |±) = (\H) ± \V))/y/2 and a is assumed to be real 
without loosing generality. As we shall see, this approach 
allows us to overcome particular weak points of previous 
approaches using single photon and coherent state qubits 
at the same time. Thus, quantum teleportation can be 
performed in a simple and near-deterministic manner us- 
ing linear optics. 

The Pauli operation can be easily performed in this 
approach: X operation can be carried out by applying 
a bit flip operation on each of the two modes, i.e. im- 
plemented by a polarization rotator on the single photon 
mode and a ir phase shifter on the coherent state mode. 
The Pauli Z operation, Z, can be performed by applying 
a phase shift operation on the single-photon mode only, 




FIG. 2: Scheme for deterministic quantum teleportation in 
terms of linear optic elements and photon detection. An un- 
known hybrid qubit, \<j>) = a\-\-)\a) + b\— )| —a), is teleported 
via a hybrid entanglement channel \^c)- Two Bell measure- 
ments B a and Bp are performed on coherent-state and single 
photon modes, respectively, between the input qubit and one 
party of the channel state. Possible outcomes and correspond- 
ing feed-forward operations X j Z k are presented in Table HI Its 
failure occurs only when both B a and Bp fail. 



i.e. {|+), |-)} -> {|+), e ie \-)}. Therefore, the feed- 
forward operations required to complete the teleporta- 
tion process can be deterministically performed, which 
is a significant advantage over the highly nontrivial and 
resource demanding scheme used in coherent state ap- 
proach [l6j. 

The Bell-state measurement for an optical hybrid qubit 
can be performed by joint works of two Bell measurement 
schemes, Bp for single photon part and B a for coherent 
state part. Then, as we shall see below, it turns out 
that these hybrid approach enable to achieve a higher 
success probability of Bell-state measurement than the 
one obtained in either single approach. 

Let us consider the details of hybrid teleportation 
scheme. Suppose that an unknown hybrid qubit, \<p) = 
&|0l) + &|1l), and an entangled hybrid channel \$c) (X 
\0l)a\0l)b + |1l)a|1l)b are prepared, where A and B 
denote the modes sent to Alice and Bob, respectively. 
The two units of Bell measurement, B a and Bp, are 
performed in each physical mode between the input \<j>) 
and one party of the channel state \^c) as illustrated in 
Fig. O From the results of the two Bell measurements, 
appropriate feed-forward transforms in the form of Pauli 
operations are determined as shown in the table HI 



TABLE I: Feed-forwards dependent on B a and Bp results 



B Q 


B P 


Operations 


(even, 0): j=0, k=0 
(odd, 0): j=0, k=l 
(0, even): j=l, k=0 
(0, odd): j=l, k=l 


(H,H) or (V,V) 

or (H,V) or (V,H) 

: flip k (0^1) 


X j Z k 


Otherwise: No flip 


(0,0) 


(H,V) or (V,H) : j=0, k=l 
(H,H) or (V,V) : j=l, k=l 


Otherwise 


Failure 



As performing B a on \<p) and Alice's part of |\Pc)j the 
coherent-state modes are mixed by the 50:50 BS and the 
total state evolves into 



\m c ) 



BS 



(6) 



even) 



,^)|0)(a|+)|+)|0 L ) B + 6|-)|-)|U) 

+^r|odd)|0)(a|+)|+)|0 L )B-b|-)|-)|l L ) B ) 

+ _L| )|even)(a|+)|-)|U) B +6|-)|+)|0 L ) 

-^|0)|odd)(a|+)|-)|l L )B-b|-)|+)|0 L ) B ). 

Subsequent photon number parity measurements on out- 
put modes yield four possible outcomes for success events 
(even, 0), (odd, 0), (0, even), (0, odd), and a failure re- 
sult, (0,0), when no photon is detected at both detectors. 
For example, if the upper detector in B a detects an odd 
number of photons and the other does not, the outcome 
is (odd, 0) and we assign j = and k = 1 as following the 
table HI As shown in Eq. ((6]), the remaining state is then 
a l+)|+)|0L)# — b\~ )\~ )|1l)b> which can be rewritten as 

(\H)\V) + \V)\H))(a\0 L )+b\l L )) B 

+ (\H)\H) + \V)\V))(a\0 L )-b\l L )) B . (7) 

Applying Bp measurements on single photon modes 
then verifies deterministically whether it projects onto 
\H)\V) + \V)\H) or not. For example, if the outcome is 
(H,V) or (V,H), then the single photon modes projects 
onto \H)\V) + \V)\H) so that the resulting state at Bob's 
party is cl\0l) + &|1l)- In this case, as shown in the 
table U we flip the assigned k and thus finally have 
j = and k = 0. Note that (H,H) and (V,V) clicks 
do not occur in this case. If Bp fails, the single photon 
modes projects onto \H)\H) or | V) | V) so that the state 
at Bob's party is now a|0z,) — 6|1l). Then, the assigned 
k remains unchanged and thus we have now j = 0^ and 
k = 1. Therefore, the final feed- forward operation X 3 Z k 
at Bob's party can restore the input state and complete 
the teleportation. 

As an another example, let us consider the case when 
B a fails, i.e. no photon is detected at both PNPDs. As 
even number state |even) only overlaps with the vacuum 
state, the corresponding state to the failure event of B a 
can be represented as 

a(|+)|+)|0 L ) B + H-)|-)|U) B ) 

+ 6(|-)|-)|1l) b + |-)|+)|o l ) b ) 

= (\H)\V) + \V)\H))(a\0 L )-b\l L )) B 
-(\H)\V)-\V)\H))(a\l L )-b\0 L )) B 
+ (\H)\H) + \V)\V))(a\0 L ) + b\l L )) B 
+ (\H)\H)-\V)\V))(a\0 L )-b\l L )) B . (8) 



At the same time, if the outcome of Bp is (H,V) or (V,H), 
the single photon party is projected onto \H)\V)-\-\V)\H) 
and cl\0l) — &|1l) is teleported to Bob. In this case, we 
assign j = and k = 1 as following the Table. HI Likewise, 
for the outcomes (H,H) or (V,V), the state with Bob is 
a\li) — &|0l), and we assign j = 1 and k = 1. Finally, 
the input state can be retrieved by applying feed-forward 
operation X 3 Z k on Bob's state. 

Therefore, quantum teleportation can be successfully 
performed unless both B a and Bp fail. The success prob- 
ability of hybrid quantum teleportation is thus given as 



-2a z 



P, = l 



(9) 



which significantly outperforms the previous schemes us- 
ing two-photon pairs or entangled coherent states. 



III. GENERATION OF RESOURCE STATES 

Schemes for generating two-photon pairs have been 
proposed through various types of entangled photon 
sources e.g. quantum dot [211, [22j and parametric down 
conversion [23j, and have been experimentally achieved 

Entangled coherent states can be produced by split- 
ting a superposed coherent state (SCS) with a beam 
splitter. In principle, an optical SCS can be generated 
in a deterministic way by using Kerr nonlinear effects 



[26|, [27j , but it requires very high nonlinear strength that 
is not achievable within current technology. Theoreti- 
cal investigations of non-deterministic schemes based on 
conditional measurements with squeezi ng ope rations J28J - 
I33J and weak nonlinear interactions J34J436J have been 
made. Experimental generations of SCSs so far have 
been demonstrated based on various non-deterministic 
schemes [37H44J. For example, a scheme to produce a 
SCS by conditioning an input Fock state \n) on the out- 
come of homodyne detection was experimentally demon- 
strated to obtain a SCS of a ~ 1.6 [39|. Recently, the 
weakness of locally generated SCSs to losses, an obsta- 
cle for applications, was shown to be circumvented by an 
experimental generation of spatially separated entangled 
coherent states using a very lossy channel [42|. A prepa- 
ration of arbitrary squeezed vacuum and a squeezed sin- 
gle photon was demonstrated experimentally by photon- 
subtraction technique, which may be also used for engi- 
neering SCSs Hjj. 

Hybrid entangled pairs {e.g. in the form of \H)\a) + 
\V)\ — a)), can be also generated in principle using a 
cross-Kerr nonlinearity. The interaction Hamiltonian of 
the cross-Kerr nonlinearity is H x = hx^ab^b where a(a)) 
and b(tf) are the annihilation (creation) operators, and 
X corresponds to the nonlinear strength. Suppose that a 
single photon in a diagonal state |+) = (\H) + \V))/y/2 
interacts with a coherent state \a) in a nonlinear medium. 
Using polarization beam splitters and the nonlinear in- 
teraction, a conditional phase shift can be performed 



l+> - 

|a+»7> ■ 



Cross Kerr 
medium 

o=xt 

(6 « 1) 
V J 
















D(-ry) 






tan(f) 



FIG. 3: Scheme to produce a hybrid pair using an ar- 
bitrarily weak cross-Kerr nonlinearity. A coherent state 

\a + ry) and a single photon in state |+) = (\H) + \V))/y/2 
enter together into a weak cross-Kerr nonlinear medium (6 = 
Xt <C 1). The values of #, 7, and a are chosen to satisfy 
7tan(|) — a. A displacement operation D(— 27) are per- 
formed on the coherent state. 



so that the output state then becomes entangled as 
\H)\a) + \V)\ae' ie } where = xt with the interaction 
time t [45] . Even though it is difficult to obtain large 
cross-Kerr nonlinearities such as xt — ^ ^ is possible 
to generate hybrid pairs with an arbitrary weak nonlin- 
earity following the ideas in Refs. [46-48] as shown in 
Fig. El First, a coherent state as \a-\-ij) is required with 
a large real value 7, which interacts with the diagonal 
state |+) via a weak nonlinearity (S < 1). If a relation 
7tan(|) = a is satisfied, the output state becomes an 
entangled state \H)\a + ij) + \V)\ — a + 27). Finally, a 
hybrid pair can be obtained by applying the displacement 
operation D(—ij) on the coherent state mode. 

It is, however, still difficult to have an ideal cross- 
Kerr nonlinearity in optical single photon regime. It 
was pointed out that realistic multi-mode models could 
have limitations on the cross phase modulation due to 
spectral correlations between interacting fields in opti- 
cal fibers that cause phase noises [49|, [50| , and a similar 
result was obtained in electromagnetically induced trans- 
parency media [51j . 

Nevertheless, it was demonstrated that these problems 
can be circumvented using an atomic V-type system and 
twin photons having temporal entanglement [52j . It was 
shown that high-fidelity and nonzero phase-shift are si- 
multaneously obtainable in a multi-mode description of 
phase modulation using single photon and coherent state 
[53| . Recently, schemes for large cross phase modula- 
tions were proposed by using a gradient echo memory 
[54j and an atomic V-system [55j |. In this sense, it is 
highly expected that small-scale hybrid pairs, required 
for our scheme, will be realized in the foreseeable future 
alon g w ith the recent progress in optical phase modula- 
tors iHlHHzl- 



IV. CONCLUSIONS 

We review quantum teleportation schemes of three dif- 
ferent linear optical approaches using two-photon pairs, 
entangled coherent states and hybrid entangled states. 
We have particularly addressed the advantages of hybrid 
qubit approach that was recently proposed [18|. In hy- 
brid approach, the success probability of Bell-state mea- 
surement, an essential task for quantum teleportation, 
can be much larger than the one by single photon ap- 
proach, 50%. For example, 99% success probability of 
teleportation can be achieved in hybrid scheme by en- 
coding with a = 1.4. The Pauli operation used as a 
feed-forward task to complete the teleportation process, 
can be performed deterministically by simple linear op- 
tics, while in coherent state approach it is difficult to im- 
plement Pauli Z operation due to the non-orthogonality 
of coherent state basis. In addition, Ref. [18| also re- 
ported that hybrid approach is the most efficient way in 
the context of scalable quantum computation by consid- 
ering fault-tolerant thresholds and resource requirements 
together. 

Efficient schemes for generating hybrid entanglement 
between single photon and coherent state may be a chal- 
lengeable next step for experimental realization. In prin- 
ciple, a hybrid entangled state can be generated via a 
weak cross-Kerr nonlinear interaction between a single 
photon and a strong coherent state [46i-[48j. Despite a 
limitation in optical fibers [49|, |50|, recent studies have 
shown that a hig h-fidelity cross-Kerr nonlinearity can be 
obtained [53I455J. Current progresses in photo detection 
techniques [58j may enhance the possibility of efficient 
photon number resolving detection, which is another de- 
manding task in hybrid approach. Therefore, an efficient 
quantum teleportation with hybrid entangle states is ex- 
pected to be experimentally demonstrated in near future. 
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